Abstract. This paper presents new analytical results on the crack tip opening displacement (CTOD) for a through-the-thickness crack in an infinite plate of arbitrary thickness. These results are based on a new fundamental solution for an edge dislocation obtained earlier and published elsewhere. The analytical predictions of CTOD for various ratios of the crack length to the plate thickness are compared with an independent three-dimensional elasto-plastic finite element (FE) study. It is shown that both analytical and numerical results are in a good agreement when the numerical calculations are not affected by the size of the FE mesh and finite boundaries of the FE model.
Introduction
Stress analysis based on the classical plane stress theory of elasticity occasionally leads to peculiar results due, in part, to the fact that it is an approximate theory even when the plane stress equations are solved exactly. A typical case is a thin elastic plate, which contains through-the-thickness cracks, and which is subjected to edge loads in the plane of the plate. The lateral contraction of the plate at the crack tips is unbounded, according to plane stress theory. Near a crack tip in a plate, the gradients of the in-plane stress components are very large. If the through-the-thickness contraction due to the Poisson effect is allowed to develop without resistance, which is the case in plane stress theory, then an extremely large gradient in contraction or, equivalently, an extremely large transverse shear strain arises. Associated with this strain, of course, is a transverse shear stress, which may be too large in magnitude to permit the basic assumption of plane stress theory [1] .
For the transverse normal stress the classical plane theory of elasticity gives two limiting values corresponding either to the plane stress or plane strain conditions. However, so far there is no generally accepted criterion for identifying what thickness would qualify as plane-stress or planestrain. Consequently there is a significant level of empiricism in deciding whether a particular plate could be treated as "thin" or "thick". The problem is also complicated by the fact that, in general, the transition from plane stress to plane strain conditions is not necessarily connected with the plate thickness. For example, for a circular hole in a plate subjected to internal pressure the stress state is plane stress regardless of the plate thickness. In the close vicinity of the tip of the crack the stress state is plane strain also regardless of the plate thickness.
The aim of this paper is to develop a cohesive model for a through-the-thickness crack in a plate of arbitrary thickness. This model is based on the Kane and Mindlin theory developed and first implemented in their work on high frequency extensional vibrations of thick plates [2] . The governing equations of this theory include the through-the-thickness stress components and retain the simplicity of a two-dimensional model. These equations have been used in studying the three-dimensional stress distribution near a semi-infinite crack [1] and a finite crack at the interface between a plate and a rigid substrate [3] . For the sake of completeness of this paper the main results of the Kane and Mindlin theory will be briefly summarized next.
Governing Equations
The Kane and Mindlin theory of extension of isotropic plates accounting for the thickness-stretch effect [2] is based on an assumption that the out-of-plane displacement ux varies linearly inside the thickness. The main advantage of this theory is that it retains the simplicity of a two-dimensional model suitable for analytical modeling in contrast to the classical three-dimensional equilibrium equations of the theory of elasticity. The displacements in the Kane and Mindlin's theory are taken in the form
(1) Fig. 1 . A plate of finite thickness.
In the absence of body forces equations of equilibrium can be written as [4] The equations of equilibrium (2a) and (2b) together with the appropriate boundary conditions and the above compatibility equation (2c) give us a system of equations that is usually sufficient for the complete determination of the stress resultants and the out-of-plane displacement function in a problem of extension of a plate. The first two equilibrium equations (2a) can be automatically satisfied by introducing a stress resultant function Φ, similar to the Airy stress function in plane problems of the theory of elasticity [5] 
The third equilibrium equation (2b) yields
The strain compatibility equation leads to the following equation
Now the problem is fully determined by two governing equations for the stress function Φ and the out-of-plane displacement function w.
Strip Yield Model for a Crack in a Plate of Arbitrary Thickness
In the following a strip-yield model will be presented, which is an extension of the Dugdale model originally developed for plane stress conditions i.e. relatively thin plates [6] . Like in the classical Dugdale model, the zone of plastic deformation is assumed to occur within a strip directly ahead of the crack tip. Furthermore, the plasticity is assumed to be constant in the thickness direction, thus neglecting the variation of the plastic zone through the plate thickness. Adopting the Tresca yield criterion, the stresses within the plastic zone can be written as
where σYS denotes the material yield stress under uniaxial tension. Here the condition that Nxx is less than Nyy has been used; on solving the problem, it turns out that this is indeed the case. Both the crack and the plastic zones are represented by a distribution of displacement discontinuities, or edge dislocations. Denoting B(t) as the density of the dislocations at point t (-a -rp ≤ t ≤ a + rp), the following system of singular integral equation with Cauchy type kernel can be obtained:
The kernels in Eqs 5a and 5b can be derived from [7] by setting
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where ) ( K n ⋅ are the modified Bessel functions of n th order, parameter ν − = κ 1 6 h 1 and η is a dummy variable.
In addition to Eqs 5a and 5b, the dislocation density function B(t) also satisfies the following single-valuedness condition,
By introducing a new function ω(s), s = x/(a + rp) we obtain
A solution of the system of singular Eqs 5a and 5b can be obtained using the Gauss-Chebyshev quadrature method [8] , which results into a system of N algebraic equations to the N unknowns )
where the discrete integration points are given by
Through an asymptotic analysis [5] , the average stress intensity factor KI can then be written as
Damage Assessment of Structures VI
In the last formulae the plane-strain condition prevailing in the close vicinity of crack tips has already been take into account, because the out-of-plane displacement is bounded ( ) C r a w p < ± ± whereas the in-plane stresses are singular [1] .
The plastic zone size rp can be determined so that the stress at the tip of the plastic zone is finite. This can be expressed mathematically as KI = 0 or ω(1) = 0.
(13) 500 integration points were used to reach convergence of the analytical solution. The results of the calculations of the plastic zone size and CTOD are shown in Fig. 2 and Fig. 3 for three different ratios of the crack size to the plate thickness, together with the classical solutions of the Dugdale model for plane-stress and plane-strain conditions.
It is clearly seen that for low applied stress (relative to the yield stress of the material) the present solutions do indeed recover the plane-strain solutions. However, at the high-applied stress
) or large-scale plasticity, the plastic zone size approaches the plane-stress solution. Furthermore, in addition to the applied stress, the ratio of the crack-length to the plate thickness is another parameter affecting the extent of the plastic zone. 
In accordance with [9] , a plastic constraint factor, which has been widely used in many studies to simulate the thickness effect on fatigue crack growth in finite thickness plates, can be defined as
The analytical results for the constraint factor αg and CTOD are shown in Fig. 4 and Fig. 5 respectively, together with the numerical results obtained in [9] using a three-dimensional elastoplastic finite element method. Numerical results were obtained at σYS = 500 MPa, E = 70000 MPa and Poisson's ratio ν = 0.3 and correspond to the following geometry of the specimen with the middle-through-the-thickness crack -M(T): 2h = 40mm, W = 40mm (the width of the specimen in the FE model), a/h =0.5 (see Fig. 16 of the original paper [9] ).
From these figures it can be seen that there is a good correlation between the present analytical calculations and the FE results, except for the large-scale yielding results where the numerical model used to obtain the global constraint factor experiences the finite width effect with the plastic zone approaching the model boundaries. Other discrepancies in Fig. 5 are believed to be connected with the finite size of the FE mesh, because the crack opening displacements were calculated very near the crack tip (second node behind the crack tip) and this could affect the accuracy of calculations at small values of CTOD. FE results [9] Key Engineering Materials Vols. 293-294
Conclusions
The Kane and Mindlin theory for extension of plates of finite thickness has been used to develop a strip yield model for a through-the-thickness crack in an infinite plate of arbitrary thickness. The new model has been shown to not only correctly recover the classical plane-stress and plane-strain solutions, but also is in a good agreement with numerical results obtained by using the threedimensional elasto-plastic finite element method. It is believed that the analytical modeling of crack problems can help reduce the amount of FE calculations needed for an advanced fatigue crack growth analysis and significantly improve the accuracy of the life predictions of structural components.
